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THE NORMAL SUBGROUP STRUCTURE
OF THE PICARD GROUP

BENJAMIN FINE AND MORRIS NEWMAN

ABSTRACT. The Picard group I is PSLy(Z[1]), the group of linear fractional
transformations with Gaussian integer coefficients. We examine the structure
of the normal subgroups of I'. In particular we give a complete classification of
the normal subgroups for indices less than 60 and show that beyond this there
are large gaps in the possible indices. This classification depends on the struc-
ture of the derived series. Finally we give examples of normal noncongruence
subgroups.

1. Introduction. The Picard group I' is PSL2(Z[7]), the group of linear frac-
tional transformations 2z’ = (az+b)/(cz+d) with ad—bc = %1 and a, b, ¢, d Gaussian
integers. I' has been extensively studied both as an abstract group and in automor-
phic function theory [1, 3, 8]. In both its general structure and in the structure of
its principal congruence subgroups, I has been shown to be similar to the modular
group M = PSLy(Z) (3, 4]. Recently Brunner, Lee, Frame and Wielenberg [1] de-
veloped an effective procedure for classifying the torsion-free subgroups of I'. This
classification was caried out for small indices using a computer search. Further Fine
[5] has shown that for a nonfree Fuchsian group to be embedded in T', it must have
a special intersection property with the modular group.

In this paper we examine properties of the normal subgroup and congruence
subgroup lattice in I". In particular we give a complete classification of the normal
subgroups for indices less than 60. Further if d(n) represents the number of normal
subgroups of index n in I', we show that d(n) = 0 for a wide collection of n’s.
Finally we show that a theorem of Wohlfahrt’s concerning congruence subgroups in
the modular group carries over with only minor modification to I'. This is utilized
to present examples of noncongruence subgroups.

2. The derived series of I'. Our techniques rely heavily on the structure
of the derived series. We first present some notation, terminology and necessary
results.

For future reference we identify the following transformations:

a:2'=-1/z, t:2'=z2+41, w2 =z+1, l:2'=-z
It is known [3] that a presentation for I is given by
(1) T ={a,l,t,u;a% =1% = (al)? = (t1)? = (u)? = (at)® = (val)® = [t,u] = 1).
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It was shown by Fine [3, p. 481] that I' decomposes as a free product with
amalgamation of the following form:
I'=G)*y Gy with Gy = S3 *z, A4, Gy = S3 *z, D2

and H = PSLy(Z). (Ss3 is the symmetric group on three symbols, A4 the alter-
nating group on four symbols and Ds the Klein 4-group.) This decomposition will
play a role in the discussion of the congruence subgroups and also appears in the
derived series.

The elements of T' can also be considered as +(*}) with ad — bc = 1 and
a,b,c,d € Z[i]. If a € Z[i] the principal congruence subgroup mod(a) denoted I'(a)
consists of those matrices

i(‘c’ 2)51(3 (1)) mod(a)

elementwise. I'(a) 4T and each principal congruence subgroup has finite index. A
congruence subgroup is any subgroup of finite index containing a principal congru-
ence subgroup.

Finally if H C T, N(H) is the normal closure of H inT". N(g1, g2, .., gk) denotes
the normal closure of the subgroup generated by {g1,92,...,9k}-

First we prove

THEOREM 1. (a) IV has indez 4. Further T' = Hy xg Ho where
Hy~Hy=A4%z, Ay and H =Z3%*Z3.
(b) T has indezx 12. Further T = K xx Ko where
Ki~Ky=DyxDy and K=27x17.

(¢) I has index 768. T"" s an HNN group whose base is a tree product of free

groups each of rank 9.
(d) Forn >3, |T:T(™)| = oco.

PROOF. The proof involves several lengthy but straightforward computations
involving the Reidemeister-Schreier process. We outline the procedure for I''.
For the presentation (1) we have

T =(a,l,t,u;a® =12 = (al)? = (t)% = (ul)? = (at)® = (ual)® = [t,u] = 1).
Abelianizing this gives us
2 = (a,l;a> =12 = (al)? = 1) = Zy x Z5.
Therefore |T" : | = 4. Choosing coset representatives 1,a,!,al for I’ in I" and ap-
plying the Reidemeister-Schreier process we get as generators for IV {4, B,C, D, E,

F,G,H} with A =ta, B=wual,C =at, D = aul, E=t"'a, F = lua, G = at™},
H = alu. A complete set of relations is given by

A=B=C3=D*=E*=F*=G*=H®=AG=CE=BD
=FH=ADG 'B™'=CBE'D'=EHC 'F ! =GFA'H™!.
Eliminating generators and simplifying we obtain
(2) I"=(A,B,C,F;A>*=B>*=C*=F3
=(AB 1?2 = (CB)?= (CF)*=(A"'F)? =1).
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Now let
=(A,B,F;A*=B*=F3=(AB™ )2 =(A"'F)?=1)
and
H; = (C,B,F;C®*=B3=F®=(CF)*=(CB)?=1).

Then I is generated by H; and H, with the identifications B= B and F = F.
From the symmetry of the presentations it is clear that H; ~ Hs and H =
(B, F)g, «—— (B, F)nu, is a subgroup isomorphism. Therefore

FI = Hl * Hg.

What is left to show is that H; and H have the indicated structure. In Hy, let
Hy =(A B;A® = B = (AB7)* =1) = A4,
Hiy=(AF;A3=F3=(A"'F)?’=1)=

Then H; = Hy; * Hio with the identification A = A. This induces a subgroup

isomorphism so Hy = Ay *xz, Ay. H in " is then (B, F) = (B) % (F) = Z3 * Z3.

The remainder of the theorem is handled in the same manner. Abelianizing
presentation (2) for I’ gives (I')2® = (4; A% = 1) and so |I': I'"| = 3. It follows
then that [T : T'| = 12.

Using coset representatives 1, A, A2 for '/ in IV and again applying the Reide-
meister-Schreier process we obtain as generators for I {a, 8,4, 6, ¢, ¢, p, 0, 7} with
a=BA"!,3=A"1B,y=ABA,§ =CA, e = AT1CA™1, ¢ = AC, p= FA™1,
0=A"'F and 1 = AFA. A complete set of relations for I'’ is

?=p =7 =p=0"=1"=(68)° = ()
= (¢a)® = (60)° = (e7)? = (¢p)* = a8 = be¢p = pro = 1.

Eliminating v = a3, e = 6 1¢~! and 7 = po and then simplifying and renaming
the generators as z; = a, 12 = 3, 3 = p, T4 = 0, T5 = 0, Tg = ¢ we arrive at the
following presentation for I':

(3) FII (11,332,.'133,.’134,335,136,:5? _‘T% —:1:% —933 - ((171:172)2

= (z225)° = (2126)° = (z475)* = (z376)°
= (z12625%2)° = (z6757473)° = 1).
Now let
K1 = (z1,72,75,26; 27 = 25 = (2122)% = (2126)% = (2235)% = (21262572)% = 1)
and
K; = ($3,$4,$5,$6;I§ = zi = (253534)2 = ($316)2 = (14%)2 = ($6$514$3)2 =1).

From presentation (3) it is seen that I'” is generated by K; and K, with the
identifications z5 = z5 and zg = r¢. Further from the symmetry of the presenta-
tions for K; and K it is clear that K; ~ K, and the identifications yield subgroup
isomorphisms. Therefore we have

I'" =K, *x Ko with K = (x5, 76).
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In K; let v = 2126 and v = z5z2. Using these to eliminate z¢ and z; and

rewriting we obtain for K
K = (21,20, u,v; 2% = 22 = (212)? = u? = v? = (w0)? = 1).
This is a free product of two Klein 4-groups D,. Therefore
K ~ Ky >~ Dj % D,.
Fron this we have that
K = (25,26) = (z1u,22v) = Z x Z, free of rank 2.
Abelianizing T we get that
(") = (21,22, 73,4, 25,26; 22 = 1,4 =1,...,6 and [X,Y] = 1) = (Z2)°.

Therefore |T'": I'""| = 64 and so |I": T'"'| = (12)(64) = 768.

Applying the Reidemeister-Schreier process again to presentation (3) for I' and
using the 64 generators of (Z;)® (actually the images of ; through zg in (Z2)¢) as
coset representatives we get a huge presentation for I on 384 generators. Taking
relations and abelianizing we find that the resulting quotient is infinite. If follows
that ') has infinite index in I'"”. Further since this has infinite index it follows
that the derived series from this point on has infinite index.

To see the structure of I we note that since I'” is a free product with amal-
gamation, I is an HNN group. This follows from the Karrass-Solitar subgroup
theorems [6]. Since I = K xx K, the factors in the base group of I are conju-
gates of subgroups of K; and K5. Since K; ~ K, we have from a result of Takahasi
[15] that K, is a retract of I and so (I'')' N K; = K. But K1 = D3 * Dy and so
K{ = (D3 * D)’ which is free of rank 9. Therefore each factor in the base group is
a free group of rank 9.

The sequence of indices 4,12,768 will play a prominent role in our classification
of normal subgroups.

3. Normal subgroup classification. A result of Brunner, Frame, Lee and
Wielenberg (1, p. 214] states that torsion-free subgroups of I' must have indices
divisible by 12 while from a theorem of Fine {3, p. 484] a normal subgroup with
torsion must have index dividing 24. Thus the possible indices for proper normal
subgroups are 2,3,4,6,8,12,24 and 12n (for n > 2).

We first give a complete classification for indices less than 60 and then prove
several results showing that many other indices are impossible.

Note the similarity to the situation in the modular group M. A proper normal
subgroup with torsion in M must have index 2 or 3 while torsion-free subgroups
have indices divisible by 6 [11, p. 145]. The normal subgroups of the modular
group have been classified with respect to index, genus, and parabolic class number
(11-14].

We prove

THEOREM 2. In the Picard group I':

(1) There are exactly 3 normal subgroups of index 2. Ezplicitly these are N(t),
N(u), and N(t%,u?, at, tu).

(2) T’ is the only normal subgroup of indez 4.

(3) T'(1 + ) is the only normal subgroup of indez 6.
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(4) T is the only normal subgroup of index 12.

(5) There are ezactly 3 normal subgroups of index 24. Specifically N(I) which
has torsion and N(t4,tu), N(t4,tu™1) which are torsion-free. The latter two are
isomorphic and faithfully represent By the fundamental group of the Boromean
rings.

(6) There are 6 normal subgroups of index 48. Ezplicitly these are
(i) N(¢?, )—whzch 18 the principal congruence subgroup I'(2),

(ii) N (4, u?,t?u?, (at?)?),

(iii) (t4 u t?u2 ,at?altu),
(iv) N(t4 4 t2u?  at?altu~?),
(v) N(e2, (au2)2),

(vi) N(t“, %, (at?)?).

The above are the only normal subgroups of index less than 60.

PROOF. We handle each part of the theorem separately. As remarked earlier
the possible indices below 60 are 2,3,4,6,8,12,24,36,48. We first show that 3 and 8
are impossible.

PROPOSITION 1. T has no normal subgroups of index 3 or of indezx 8.

PROOF. Suppose G «T with |T': G| = 3. Let A =T/G and so |A| = 3 and thus
A is abelian. Therefore G D I'Y which is impossible since |T' : T'| = 4.

Next suppose that G<T with |I' : G| =8 and let A =T/G. Since |A| =8, A is
solvable and thus A has a normal subgroup of index 2 or 4.

If |A : A| = 2 then A pulls back to a normal subgroup G of I of index 2 containing
G,TDG>DG. Now |I': G| =250 I'/G is abelian - IV C G.

Since |G : G| = 4, G/G is abelian and so G C G. But from I C G it follows
that I C G C G which is impossible since | : T*| = 12 and [T : G| = 8.

If |A : A| = 4 then A pulls back to a normal subgroup G of index 4 in T'. Then
IT/G| =4 — T'/G is abelian and so I' ¢ G. But [T : T'| = 4 so I = G. But then
I' cIY c Gso GaI' with |I" : G| = 2. It follows that if I"/G is abelian I' C G
which is impossible from above. Thus 3 and 8 are impossible indices for normal
subgroups.

Embodied in the proof of Proposition 1 is the proof of

PROPOSITION 2. If G<T and [T : G| =4 then G =T’ (this is part (2) of the
theorem).

PROPOSITION 3. There are exactly 3 normal subgroups of index 2 in I'.

PROOF. Let G <T with |T': G| = 2. Since T'/G is abelian we have I' D G D I''.

Now I'/TY = Z3x Z3 = Do, a Klein 4-group. This has exactly 3 normal subgroups
of index 2. Therefore these pull back to exactly 3 normal subgroups of index 2 in
I’ containing I'V. Since G contains IV, G must be one of these.

COROLLARY. The 3 normal subgroups of index 2 are

N(t), N(u), N(t?,u?, at, tu).
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PROOF.
T/N(t) = (a,l,t,u: a®> = 1? = (al)? = (t1)? = (ul)?
= (ual)® = (at)® = [t,u] =t =1)
= (u;u? = 1)

and so |T' : N(¢t)| = 2. Further N(t) # N(u) since u € N(t) but u ¢ N(u). Similarly
IT: N(u)| =2 and [T : N(t2,u?, at, tu)| = 2.

Now tu € N(t2,u?,at,tu) but tu ¢ N(t) and tu ¢ N(u). Therefore the three
subgroups given above are 3 distinct normal subgroups of index 2.

PROPOSITION 4. I'” is the only normal subgroup of index 12.

PROOF. Suppose G<T with [T : G| =12. Let A=T/Gso |A|=12=2%-3. If
A had only one 2-sylow subgroup it would be normal of index 3. This would pull
back to a normal subgroup of index 3 in I which is impossible from Proposition 1.
Thus A has more than one 2-sylow subgroup.

The number of 3-sylow subgroups is 1 or 4. If there were 4, since they intersect
trivially, they cover 9 elements in A giving only one possible 2-sylow subgroup.
Therefore A has only one 3-sylow subgroup which is normal of index 4. This pulls
back to a normal subgroup of index 4 in T' containing G. From Proposition 2 this
must be I'V. Therefore we have ' DTV O G.

Now |IV : G| = 3 and G «I" so I''/G is abelian and I € G. But |T' : I'"'| = 12
and |T': G| = 12 and so I = G completing the proof of Proposition 4.

We have classified the indices 2, 4 and 12 and shown that 3 and 8 are impossible.
We can now show that index 36 is also impossible.

PROPOSITION 5. T' has no normal subgroups of index 36.

PROOF. Suppose G « T with [I': G| = 36 and let A =T/G. Since |A| =36 =
2232 A is solvable and nonabelian.

Let Go = I'G = preimage of A’ in I'. Then Gy <«T and I'/Gy is abelian so
IT': Go| =2 or 4.

IfIT:Gol=4then Go=T"and T DI’ D G. But then [V/G=9=32s0 /G
is abelian and I'” C G. This is impossible since |I' : I''| = 12.

Therefore I : Go| = 2 and Gp D I". It follows that Gy D I'.

Now |Go/G| = 18 so Gp/G contains a normal 3-sylow subgroup of index 2.
This pulls back to a subgroup H of index 2 in Gy giving us Go O H C G with
|Go: Hl =2and |H : G| =9. Go/H is abelian so H D G; D I'" — |HI'"| = 3.
From this it follows that Gi = H or G =T'".

If Gj = H then H is a fully invariant subgroup of a normal subgroup of I' and
therefore H isnormal inT'. Butthen |I': H| =4so H =I"and wehaveI' DIV D G
which is impossible by the previous argument.

If Gi =T then Go/Gjy is abelian of order 6. An abelian group of order 6 has
a unique normal subgroup of index 2. Thus there is a unique normal subgroup
of index 2 in Gy containing . Then Go D H C I' and also Go D IV > I'".
Therefore H = I’ which is impossible from before. This completes Proposition 5.

PROPOSITION 6. I'(1+1¢) 13 the only normal subgroup of indez 6.
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PROOF. Using a formula of Newman [11, p. 145] we have |I" : T'(1 +¢)| = 6 so
the proof is completed by showing that there is only one normal subgroup of index
6.

As before suppose G<T, [T : G| = 6 and A = T/G. Then A is a nonabelian
group of order 6 so A has a normal subgroup of index 2. Thus there is a Go aT
withT' D Gp D G and |T" : Go| = 2. Further Go D I so Gy D IT'".

Now |Go: G| = 3 so Go/G is abelian giving us a seriesI' D G D Gy D T”.

To complete this we need the following

LEMMA. T = N(ltu) and T/T" = S3 X Z,.

PROOF. A straightforward computation using the method of Theorem 1 gives
that ltu € I so T D N(ltu). However setting ltu = 1 in our standard presentation
for T we find that

T/N(itu) = {a,t,u;0® = t2 = u® = (at)® = (atuw)? = [t,u] = 1) = S3 x Z,.

Therefore |I': N(ltu)| = 12, T" = N(ltu) and I'/T" = S5 x Z,.

Now we complete the proof of Proposition 6. I'/T" = S3 x Z; which has a unique
normal subgroup of index 6. Therefore there is a unique normal subgroup of index
6in the series ' D GO T”. ButI' D G DI and T : G| = 6. Therefore G = G
completing the proof.

The two remaining cases less than 60 are 24 and 48.

PROPOSITION 7. There are exactly 3 normal subgroups of index 24. E‘zplicitly
these are N(l) which has torsion and N(t*,tu), N(t*,tu™!) which are torsion-free.

PROOF. Suppose G<T and |I' : G| = 24. If G has torsion a theorem of Fine [3,
p. 484] shows that G must be N({). We suppose then that G is torsion-free.

If A =T/G then the image of any element of finite order in T has exactly the
same order in A since the orders in I" are 2 or 3 and G is torsion-free. Further if m
and n are the respective orders of the images of the parabolic elements ¢ and u in
A then A is a quotient of

A= (a,l,t,u: a® = 1% = (al)? = (t1)? = (ul)?
= (at)® = (ual)® =t™ = u" = [t,u] = 1).

The proof proceeds by showing that the only possible choices for m and n in this
case are m =n = 4.

LEMMA. The subgroup (t,u) in A has index at least 6.

PROOF. We show that 1,a,l,al,ta,tal are all incongruent mod(¢, u) in A.

(1) If a € (t,u) then a = t/u* so ual = t/uk*+1]. But ual has order 3 in I while
t*u¥! has order 2 in T for all choices of z,y. So a € (t,u).

(2) If I € (t,u) then | = t/u* so I? = t'u*l = 1. But ¥l has order 2 in T so
therefore [ ¢ (t,u).

If | € a(t,u) then | = at’u*. But then al = t/u* from which it follows that
ta =t~ 1u*l. But as in the case above ta has order 3 while #/~u*[ has order 2 so
l¢a(t,u).

(3) If al € (t,u) then al = t/u*. This was impossible from the previous argument.
Similarly the cases al € a(t,u) and al € [{t,u) are impossible.
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Therefore the elements 1,a,!,al are all incongruent mod(t, u).

(4) Consider the element ta in A.

(i) If ta € (¢, u) then a € (t,u) which was impossible from above.

(ii) If ta € a(t,u) than ta = at’u*, ata = t*u’. But ata = t~!at™! so then
a = t**+24 which is impossible from (1).

(iii) If ta € (¢, u). This is impossible since ta has order 3 while every element of
the coset I{t,u) has order 2.

(iv) Finally if ta € al(t,u) then ta = alt/u* or ata = t/u*. But then ata =
t~lat™! = It'uF giving a = I/ T%u¥ or a € I(t,u) which is impossible.

Therefore 1,a,l,al,ta are all incongruent mod(¢,u) in A. Since the index of
(t,u) is greater that 4 and divides 24 it must be at least 6. Using the same type of
arguments as above we can show that tal is also incongruent to 1, a,l, al, ta.

We now proceed with the proof of Proposition 7.

Consider {t,u)in A =TI'/G. This is abelian of index at least 6 in A and therefore
|(t,u)| < 4. Thus |[{t,u)| = 2,3,4. (t =u = 1 would make the quotient too small
immediately.) Further |(t)|] = 2,3 or 4 and |(u)| = 2,3 or 4. We show that if
|A| = 24 the only possible cases are when t* = u* =1 witht =uor t = u™!.

Case 1. If t* = u® = 1 then since (4,3) = 1 it follows that |(¢,u)| = 12 which is
impossible. Similarly 3 = u* = 1 is impossible.

Case 2. If t* = w2 =1 then |(t,u)| = 4 and so u = t2. Then A is a quotient of

A= (a,lt:a? =1 = (al)? = ()* = (tPal)’ = (ta)* = t* = 1)
= (a,t: a? = (a,t)3 —t = (t2a)6 _ 1>

which has order 6. So this is impossible. Similarly ¢?> = u* = 1 is impossible.

Case 3. If t2 = u® = 1 then |(t,u)] =3 sot = u or t = u~!. In either case the
resulting quotient has order 1 so this case is impossible.

Case 4. If t? = u? = 1 and |(t,u)| = 2 then u = t and the resulting quotient is
too small. Therefore if t2 = u? = 1 then |(t,u)| = 4 and |A: (t,u)| = 6.

Thus from Lemma 1,a,l,a,ta,tal give a complete set of coset representatives
for (t,u) in A. However by an examination of cases identical to the proof of the
lemma we can show that in this case the element ua is not congruent to any of
{1,a,l,a,ta,tal} mod(t, u) so this case is impossible.

Case 5. If t* = u* = 1 then since |(t,u)| < 4 and |{t)] = 4 it follows that
|(t,u)| = 4. Since (t,u) is abelian then ¢t = u or ¢t = u~!. But then A is a quotient
of A= (a,l,t,u:a®? =12 = (al)? = (t1)? = (ul)? = (at)® = (wal)® =t* =u? =1,
u = t¥l).

But A has order exactly 24 so in this case A = A. Since A = I'/G this gives two
possibilities for G — G = N(t*,tu) or G = N(t4,tu™1).

This completes Proposition 7.

COROLLARY. N(t, tu) ~ N(t* tu~!) ~ By where By faithfully represents the
fundamental group of the Boromean rings.

PROOF. This follows from a result of Brunner, Frame, Lee and Wielenberg which
showed that up to isomorphism there is only one torsion-free normal subgroup of I’
of index 24. Further this group faithfully represents the fundamental group of the
Bormean rings [1, p. 221].
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PROPOSITION 8. There are exactly 6 normal subgroups of I of index 48. Ez-
plicitly:
(i) N(t%,u ) (which is the principal congruence subgroup I'(2)),

(ii) N(t4 ut,t2,u?, (at?)?),
(iii) N(t4,u?,t?u?, at2altu)
(iv) (t4 u ,t2u? at?altu—1),
(v) N(t4, (at2) ),

(vi) N (%, u?, (au?)?).

PROOF. No two of the six listed subgroups coincide. The remainder of the
proof involves showing that any normal subgroup of index 48 must be one of the
subgroups listed above.

If G<T and |T': G| = 48 then G must be torsion-free. We now consider in a
manner analogous to the proof of Proposition 7, a detailed analysis of the possible
images of the parabolic elements ¢, u in the quotient T'/G.

As in the proof of Proposition 7 if A = I'/G then the image of any element of
finite order in G has exactly the same order in A since G is torsion-free. As before
if m and n are the respective orders of the images of ¢ and u in A then A is a
quotient of

A= (a,l,t,u;a? =12 = (al)? = (t1)% = (ul)?
= (at)® = (ual)® =t™ =" = [t,u] = 1).

We show first that m,n must be 2 or 4.

Now |A| = 48 = 2% -3 s0 A has 1 or 3 2-sylow subgroups. If there were only
1 it would be normal of index 3 which would pull back to a normal subgroup of
index 3 in I'. This is impossible from Proposition 1 so it follows that there are
3 2-sylow subgroups in A. This induces a map f: A — H — S; where H is a
transitive subgroup of S3. If H = Az then A has a normal subgroup of index 3
which is impossible. Therefore H = S3 and A has a normal subgroup of index 6
which pulls back to a normal subgroup of index 6 in I' which contains G. From
Proposition 6 this must be the principal congruence subgroup I'(1 + ¢). Thus we
haveI' D I'(1+%) D G with |T'(141)/G| = 8. Now t?,u% € I'(1+4) but t,u ¢ I'(1+7)
so in the quotient I'(1+1)/G the images of ¢?, u? have order a power of 2. Therefore
in A =T'/g the images of t,u have order a power of 2. Since |I'/G| = 48 we then
must have m,n = 2,4, 8,16 since m = 1 or n = 1 makes the resulting quotient too
small.

Using exactly the same arguments as in the proof of Proposition 7 we have that
in A the elements 1,a,l,al,ta,tla are incongruent modulo the abelian subgroup
(t,u). (We now consider these elements as being in A.) Therefore |A: (t,u)| > 6
and thus |(t,u)| < 8. It follows that m,n = 2,4 or 8.

We now show that m # 8 and n # 8 by examining the possible cases.

Case 1. t8 = u8 = 1 but no smaller powers of ¢ or u are the identity in A. Since
|(t,u)| < 8 and ¢ has order 8 we must have |(t,u)| = 8. Then t® =1 and u = t*
where ¢ is a generator so u = t*! or u = 3,

If u =t then A is a quotient of

A= (a,l,t;02 =12 = (al)? = (t1)% = (ta)® = (tla)® =¥ = 1).
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Using the relation (t/a)® = 1 we get that [ = tat~!ata. Eliminating / and simplifying
we obtain A = (a,t;a% = t* = (ta)® = 1). This is impossible since we assumed that
t has order exactly 8 in A which is a quotient of A. (A is the (2, 3, 4) triangle group
which has order 24 making the resulting quotient too small as well.) An identical
argument shows that v = ¢! is impossible.

If u = t3 then A is a quotient of

A= (gl t;a> =1 = (al)? = (8)® = % = (ta)® = (*la)® = 1).

In A the same arguments used in the proof of Proposition 7 will show that the
element t2a is not congruent in A to 1,l,al,ta,tla modulo the subgroup (t). If
further t2a was not congruent modulo (t) to the element a then () would have
index greater than 6. But |(t)] = 8 and |A| = 48 so (t) has index exactly 6 and
therefore t2a must be congruent to a modulo (t). But then t?a = at® and so
at?a = t*. Since t has order 8, @ = +2 and therefore the relation at?a = t*2 must
be in A. Thus A is a quotient of

A= (a,1,t;a% =12 = (al)? = (t1)2 =18 = (ta)® = (t%a)® = 1, at?a = t*?).

Since at?a = t*2 and [t?l = t~2 the subgroup (¢2) is normal of order 4 in A.
However A/(t?) = (a,l;a%® = I? = (al)? = 1) = D, so (t?) has index 4 in A. Thus
|A| = 16 which is impossible since |A| = 48. An identical argument shows that it
is also impossible if u = ¢t73.

This completes Case‘l showing that in A we cannot have ¢t and u both having
order exactly 8.

Case 2. t8 = u* = 1 and no smaller powers are the identity in A.

Asin Case 1, (t,u) has index at least 6 in A. It follows that |(t, u)| = 8. Therefore
(t,u) = (t) and u = t* with k = £2. Then A is a quotient of

A= (a,l,t;a* =12 = (al)? = (t1)% = (ta)® = (t%al)® = ¥ = 1).

As in Case 1 the element t?a in A can be shown to be shown to be incongruent
modulo (t) to 1,1, al, ta,tal and thus must be congruent to a modulo (¢). This gives
us at?a = t*2 and so (t?) is normal of order 4 in A. But A/(t?) = (a;a% = 1). This
gives that |A| = 8 which is impossible since it has A4 as a quotient. This completes
Case 2.

An identical treatment handles when u has order exactly 8 and ¢ has order
exactly 4.

Case 3. t® = u? = 1 and no smaller powers are the identity in A.

As in Cases 1 and 2 |(t,u)| = 8 so that (t,u) = (t) with u = ¢t%. Then A is a
quotient of

A={a,l,t;a®> =12 = (al)? = (t1)? =8 = (ta)® = (t%al)® = 1).

Again as in the previous cases we must have — since (t) has index 6 —t2a congruent

to the element a modulo (). Thus at?a = t*2 and (t?) is normal of order 4 in A.

But A/(t?) = (a;a% = 1) giving |A| = 8 which is impossible. This completes Case

3. Again an identical treatment handles the situation where u® =2 = 1.
Therefore we have shown that in A neither ¢ nor u can have order 8— that is

m # 8 and n # 8. We now consider the cases where m = 2 or 4 and n = 2 or 4.
Case 4. t* = u? = 1 and no smaller powers are the identity in A.
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Since (¢, u) has index at least 6 we must have [{t,u)| = 8 or |(t,u)| = 4.
Subcase (a). |(t,u)| = 4. Then (t,u) = (t) and u =t or u = ¢t~1. In either case
A is then a quotient of

A= (a,l,t;a® = 1> = (al)® = (t1)? = (ta)® = (tal)® = t* = 1).

Using the relation (tal)® to eliminate [ as in Case 1 we find that 4 is the (2, 3, 4)
triangle group which has order 24. This is too small to have A as a quotient so this
subcase is impossible.

Subcase (b). |(t,u)| = 8. Since (¢,u) is abelian and t* = u* = 1 we must then
have t2 = 42 or t2u? = 1. Thus in this case A is a quotient of

A= (a,l,t,u;0? =12 = (al)? = (t1)? = (ul)? = (ta)®

= (ual)3 =ti=yt=t%2 = [t,u] =1).

In A consider the element t?a. t2a can now be shown to be incongruent to
1,1,ta,tal modulo (t,u). If (1) t2a = t*uY then ta = t*~'u¥. But ta has order 3
while t*~1u¥ has order a power of 2 so this is impossible. If (2) t2a — [t®uY then
ta = [t*t1u¥ which is impossible since ta has order 3 but [t*+1u¥ has order 2. If
(3) t2a = tat®u¥ then ata = t*u¥ so t~lat™! = t*u¥ or at™! = t*+1y¥ which is
impossible since at~! has order 3. Finally if (4) t2a = talt*u¥ then ata = lt*uY
which is impossible since ¢ has order exactly 4 while [t*uY has order 2. Now since
(t,u) has index exactly 6 in this case t2a must be congruent modulo (¢, u) to either a
or al. In the former case we would have at?a = t*u¥ while in the latter at?a = [t®uV.
Since ¢? has order exactly 2 this gives the following possibilities:

(1) at?a = t? (which is equal to u?),

(2) at?a = tu,

(3) at?a = It*u¥ with 1 =0,1,2,3 and y = 0,1, 2, 3.

We consider all 18 possibilities and show that (1) is possible and leads to a
normal subgroup of index 48, (2) is impossible while (3) is possible only if z = 1,
y=1lorz =1, y=23or a pair (z,y) giving an equivalent quotient to either of the
preceding 2.

First suppose that (1) holds — at?a = t2. Since t* = 1 this implies that
(at?)? = 1. Thus A is now a quotient of

A=(alt,ua? =12 =(al)? = (t)? = (ul)? = (ta)?

= (ual)® = t* = u* = 2% = [t,u] = (at®)® = 1).
Abelianizing 7 we find that
A/A = (a,l;a® =12 = (al)? = 1)

so A’ has index 4. Applying the Reidemeister-Schreier process we discover that A~
Ay the alternating group on 4 symbols. Thus [A’| = 12 and |A| = 48. Since |A| = 48
and A is a quotient of A we must have A = A. Thus the presentation for A given
above presents a quotient of I' of order 48. This is precisely the quotient modulo the
normal subgroup N (t*,u*,t>u?, (at?)?). Thus this is one possible normal subgroup

of index 48. (We note that the fact that |A| = 48 was found originally using Todd-
Coxeter coset enumeration as implemented in the Cayley Group Theory Program.)
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Now suppose that (2) holds so that at?a = tu. Then A is a quotient of
A = (a,l,t,u;a® =12 = (al)? = (t))? = (ul)? = (ta)®

= (ual)® = t* = u? = t?4? = [t,u] = 1,at?a = tu).

Then u = at2at™!. Using t2 = u? it is then derivable that ¢?> = 1 contradicting the
fact that ¢ has order exactly 4. Thus this case is impossible.

Finally suppose that (3) holds. Then at?a = It*uY. If

(a) z = y = 0 then at?a = [ or t? = I. Then t = It which is impossible since ¢
has order 4 while It has order 2.

(b) £ = 1, y = 0 then at?a = It. But then alt?a = t. Again this is impossible
since ¢ has order 4 while alt?a has order 2 (being a conjugate of t?). The same
argument shows that z = 0, y = 1 is impossible.

(¢) £ =2, y = 0 then at?a = It2. Then A is a quotient of

A=(altu;a’=12=(al)? = ()% = (ul)? = (ta)®
= (ual)® = t* = u* = t?u? = [t,u] = 1,at?a = It?).

This is found to be a group of order 96. However it has no normal subgroups
of order 2 and so no quotients of size 48. To do this the Cayley Group Theory
Program was used. Todd-Coxeter enumeration gave us the size of 96 while a related
algorithm in Cayley produced the potential normal subgroups. Without recourse
to the program the above results could also be obtained by abelianizing A and then
applying Reidemeister-Schreier. The elements of order 2 can then be enumerated
and tested for normality.

Since there are no quotients of A of size 48 this case is impossible. An identical
procedure handles = 0,y = 2.

(d) z = 3, y = 0 then at?a = It3. As in the previous cases the resulting group
formed by adjoining this relation to the already existing relations in A is too small
to have A as a quotient. In this case the resulting group has order 2. Again an
identical procedure handles z = 0,y = 3.

(e) =1, y =1 then at?a = ltu. A is then a quotient of

A=(a,l,t,ua® =12 = (al)? = (t1)? = (ul)? = (ta)®

= (ual)® = t* = u* = t24% = [t,u] = 1,at%a = ltu).

Using_Todd-Coxeter coset enumeration on A (as implemented in Cayley) we find
that |A| = 48. Therefore A = A. Thus in this case

A= N(t*,u*, t2u? at?altu).

This gives a second potential normal subgroup of index 48.

(f) 2 = 1, y = 3 then at?a = ltu™'. As in (e) the resulting quotient obtained
from adjoining this relation has order 48. This gives another normal subgroup of
index 48 namely N (t4,u*, t?u?, at?altu™?).

The relation at?a = It~ !u is equivalent in this presentation to at?a = ltu™! so
we get the same subgroup for z = 3, y = 1.

This completes the potential cases when ¢ and u both have order 4.

Case 5. t* = u? = 1 and no smaller powers are the identity in A.

As before |(t,u)| = 8 or |{t,u)| = 4.
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Subcase (a). |(t,u)| = 8 then (¢,u) has index exactly 6 and as previously we
can show that t2a is incongruent modulo (¢, u) to 1,1/, ta, tal. Therefore it must be
congruent to either a or al. This gives the possibilities (1) at?a = t?, (2) at?’a = u
or (3) at?a = It*uY with 2 =0,1,2,3 and y = 0, 1.

If (1) holds so that at?a = t2 then (at?)? = 1 and A is a quotient of

A= (a,l,t,u;a’ =12 = (al)? = ()% = (ta)?
= (ual)® = t* = u? = (at?)? = [t,u] = 1).

Applying Todd-Coxeter we find that |A| = 48 and thus A = A. This gives the new
normal subgroup N (14,42, (at?)?).

If (2) holds so that at?a = u then at?at = tat?a. Using (ta)® = 1 we can derive
that t2 = 1 contradicting that the order of ¢ is 4.

If (3) holds there are 8 separate subcases. For each pair z,y it can be shown,
in the same manner as in Case 4, that the resulting group obtained by adjoining
the relation at?a = {t*uY is too small to have A as a quotient. Therefore (3) is
impossible.

Subcase (b). |(t,u)| = 4. Then u =#% and A is a quotient of the group

A= (a0 t;a® =1%=(al)? = (t])2 = t* = (ta)® = (2al)® = 1).

Using (¢2al)® = 1 we can solve for I. Thus A is a quotient of the (2,3,4) triangle
group and is too small to have A as a quotient.

Exactly the same analysis as in Case 5 handles the situation when u? = t2 = 1
and no smaller powers. This leads to an additional normal subgroup of index 48
namely N (t?,u4, (au?)?). This completes when either ¢ or u have order 4.

Case 6. u? =t? =1 with u # 1, t # 1. Then A is a quotient of

A= (a,l,t,u; A2=012=t>=u%= (al)? = (ul)?
= (t1)? = (ta)® = (ual)® = [t,u] = 1).

This has order 48 so A = A giving the final normal subgroup of index 48 — N (¢2, u?).
From the formula of Newman [11, p. 145] we have that the principal congruence
subgroup I'(2) has index 48. Since ¢? represents the transformation 2z’ = z + 2 it
follows that ¢? € I'(2). Similarly u? represents z’ = z + 2¢ so u? € I'(2). Therefore
I'(2) D N(t%,4?) and since they have the same index we have ['(2) = N(t?,42).

This completes the proof of Proposition 8 and consequently the proof of Theorem
2.

In proving Theorem 2 we showed that there are no normal subgroups of index
3, 8 or 36 and in general none of the index greater than 24 and not divisible by 12.
The next result shows that there exist many other gaps in the possible indices.

THEOREM 3. Let d(n) = number of normal subgroups of I' of index n. Then
d(n) =0 in all of the following cases.

(1) n> 12, n # 0 mod 12,

(2) n=3 orn=38,

(3) n = 12p* with p a prime and p # 2,3,5,11,

(4) n = 36p* with p a prime and p # 2,3,11,17,
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(5) n = 12p*q7 with p and q primes satisfying 1 + pk; + 12¢° for any k; and
Pq#23511

PROOF. (1) and (2) are restatements of already known results so we begin with
(3).
Suppose that G < T with |I' : G| = 12p* with p a prime and p # 2,3,5 or 11.
Let A =T/G. Since |A| = 12p* the number of p-sylow subgroups of A is of the
form 1 + pk; and divides 12. If p # 2,3, 5, 11 this number must be 1 and so A has
a normal p-sylow subgroup of index 12.

This will pull back to a normal subgroup of index 12 in I'. From Theorem 2
this must be the second commutator subgroup I'”. Thus we have I' D I/ D G and
T : G| = pk.

Let A = T”/G. Since |[A| = p* it follows that 4 is solvable. Thus there is an
A with A/4 abelian. A must then pull back to a subgroup G of I' satisfying
I > G DG and I'/G abelian.

But then I'"” D G which is impossible since |T* : T"/| = 26 and | : G| = p"
with p # 2. Therefore there are no normal subgroups of index 12p* with p satisfying
the stated conditions.

Next suppose that |T' : G| = 36p* with G < T and p a prime and p # 2,3,11,17.
Let A =T/G. Because p # 2,3,11,17 A must have a normal p-sylow subgroup
of index 36. This will pull back to a normal subgroup of index 36 in I"'. From
Theorem 2 there are none—thus there are no normal subgroups of index 36p* with
p#2,3,11,17.

Finally part (5) is essentially the same as part (3). If G < T and T : G| =
12p*¢7 then under the stated conditions on the primes the quotient I'/G must have
a normal p-sylow subgroup of index 12¢’. From part (3) ' contains no normal
subgroups of these indices so this is impossible.

We note that the process given in part (5) can be continued for strings of greater
than two primes.

Besides having no normal subgroups for many indices, there are restrictions
placed on the normal subgroups by the indices. The following theorem gives these
and also points out the close connection with the congruence subgroups.

THEOREM 4. Suppose G <T; then

(1) If T : G| = 2% - 3 then G D T(1 +1).

(2) If IT : G| = 4m with (m,3) =1 then G =T".

3) If IT: G| = 12m with (m,6) =1 and I'/G solvable then G =T".

PROOF. Part (2) is immediate. If (m,3) = 1 then G must have torsion. Then
4m|24 - m = 1or 2. If m = 2, |T : G| = 8 which is impossible so m = 1,
IT':G|=4and G=T".

Now suppose [I': G| = 2¥ -3 and let A = T/G. If A had a normal 2-sylow
subgroup this would have index 3 and pull back to a normal subgroup of index 3
in T which is nonexistent. Thus there are 3 2-sylow subgroups in A. This gives a
map f : A — H C S3 where H is a transitive subgroup of S3. Thus H = S3 or
H = A;. If H = A3 then A has a normal subgroup of index 3 which is impossible
so H = 83.
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Therefore A has a normal subgroup of index 6 which pulls back to a normal
subgroup of index 6 in I'. Thus I' > G D G with |I' : G| = 6. From Theorem 1
then G = I'(1 + ).

Finally suppose [I': G| = 12m with (m,6) = 1 and I'/G = A solvable. In A
there is a normal series with abelian factors A D A; D Az D --- D {1}. Further
the indices of the subfactors 4;/A; ;1 must eventually not be prime to m. But this
will pull back to a normal series in I (ending in G) with abelian factors. But the
only primes dividing the indices in the derived series are 2 and 3, so m = 1 and
IT': G| = 12. From Theorem 1 then G =T".

COROLLARY. The 3 normal subgroups of indez 24 and the 6 normal subgroups
of indez 48 are all contained in T'(1+ 1) (¢n fact N(t%,u?) =T(2)).

4. The normal series of powers. An interesting special case of normal sub-
groups are the power subgroups I'*—the normal subgroups of I' generated by nth
powers of elements of I'. In the modular group it is known that M™ = M, M? M3
if 6 + n while the exact structure of M6* is unknown if ¥ > 1. M® is free of rank
37 [11]. The next result gives similar results in T.

THEOREM 5. (1) T2 =T,
(2)T3=T andT" =T if2+n,
(8) T™ =T2 if 2|n but 6 t n.

PROOF. The proofs are straightforward computations. We adjoin the identical
relation X™ = 1 to the standard presentation (1) for I'. This gives us a presentation
for I'/T"™—the order of this giving us the index. First if n = 2 we have

T/T% = (a,l,t,u;a® = I* = (al)? = (t1)?

= (ul)? = (ta)® = (ual)® = [t,u] = 1, X? = 1).
Since (at)® = (at)? = 1 this implies that at = 1 or a = t. Similarly u = al.
Therefore
I'/T? = (a,l;a* =12 = (al)? = 1) = D,.
Thus |T': I'?| = 4 and from Theorem 1 I'? =T".

1 If n = 3 we adjoin the identical relation X2 = 1 to the presentation for I'. From
(al) = (al)? = 1 we derive that al = 1 or a = [. But then (at)® = (It)% = (it)? =
so at =1 and a = ¢t. Similarly (ul)® = (ul)? = 1 implies that u = [ and so I'/T' is
cyclic with generator a. But a® = a? = 1 implies a = 1 so the quotient is trivial.
Therefore I' = I'3. If 2 t n the same argument shows that T'/T'"™ is trivial so that
r=rn

If 2|n but 6 ¥ n then (n,3) = 1. If we adjoin the identical relation X™ =1 to I'
we have from (ual)3 (ual)" =1and (n 3) =1 that ual = 1 or u = al. Similarly
a=t ThusT/T" = (a,l;a? =12 = (al)? = 1) and [T : T"| = 4. Since I'? =T" is
the only normal subgroup of index 4 we have I'* = I'2.

As in the case of the modular group the structure of I'6™ is still unknown.

There are several nice corollaries which mirror conditions in M.

COROLLARY 5.1. I'2NI8¥ =T1".
COROLLARY 5.2. (i) (T")2 =T,
(i) (I")3 =T".

The proofs of these are just easy calculations.
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5. Congruence subgroups. Closely tied to the normal subgroups are the
principal congruence subgroups I'(e). Theorem 5 actually forces many normal
subgroups to lie inside I'(1 + 7). Both Drillick [10] and Lubotzky [9] have shown
that T’ has noncongruence subgroups—that is subgroups of finite index which do
not contain a principal congruence subgroup. We use a different technique to give
specific examples of such noncongruence subgroups. To do this we extend a theorem
of Wohlfahrt.

If G CT and [T : G| < oo we define the level of G to be the least positive integer
n so that G D N(t",u™).

Clearly if [T : G| < oo then G has finite level since there cannot be infinitely
many distinct cosets t",u™. Thus if |I' : G| < oo then G must contain the free
abelian group of rank 2, N(t",u") for some n and thus cannot be a free group.
This is a consequence quite distinct from the modular group where all torsion-free
subgroups are free. We thus have

THEOREM 6. T' has no free subgroups of finite indez. If |T': G| < oo then G
contains a free abelian subgroup of rank 2.

Using the extended concept of level defined above a theorem of Wohlfahrt [11,
p. 149] which characterizes congruence subgroups of M can be carried over to

THEOREM 7 (WOHLFAHRT). Let G C T be of finite index and level n. Then
G 1is a congruence subgroup if and only if G D T'(n).

PROOF. If G D I'(n) then G is a congruence subgroup. Conversely if the level
of G is n and G is a congruence subgroup the result follows from

LEMMA. IfG CT and G D I'(an) and G O N(t",u™) where n is an integer
and a € Z[i] then G D T'(n).

PROOF. This is essentially the argument found in Newman [11, p. 149]. Since
G D N(t™,u") this forces the matrices

1 nz 1 0 1+nz -n
i(O 1)’ i(ny 1) and i(nz2 )’ <1—nz)

to be in G for any Gaussian integers z,y, z. The proof then proceeds as in [11].

To complete the proof of Theorem 7, suppose that G has level n and is a con-
gruence subgroup. Thus G D I'() for some o € Z[i] and therefore G D T'(an).
Since the level is n, G D N(t",u") and so G D I'(n) from the lemma.

Using Theorem 7 we obtain sufficient conditions on a subgroup for the subgroup
to contain a normal noncongruence subgroup. Since I' is an amalgamated free
product it follows from the Karrass-Solitar subgroup theorems that any subgroup
of ' is an HNN group (see [7] for terminology). If [T : G| < oo the free part rank of
G is the minimum of the ranks of the free part of G when G is represented as an
HNN group. The ranks are all finite and the free part rank is at least as great as
the rank of the abelianization. Then

THEOREM 8. If [T : G| < oo and the free part rank of G > 2 then G contains
a normal subgroup of finite index which 1s a noncongruence subgroup.

PROOF. Since the free part rank is > 2, G has 2 generators g;, g2 which generate
a free subgroup of rank 2. For any integer k let G be the normal subgroup of G
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consisting of all words W on the generators of G such that
e(W,g1) =e(W,g2) =0 modk,

where e(W, g) is the exponent sum of the generator g in the word W.

Then Gy < G and G/GY is abelian of order k?—since G mod all generators of
G except g; and go is free of rank 2. Now suppose [I': G| = m and n is the level of
G. Then [T': Gi| = mk?. If g € G then g* € Gi so the level of G is either n or
nk. We show that by a proper choice of k£, G is a noncongruence subgroup.

First choose k to be a prime and greater than n + 1. Then (mn,k) = 1 and
therefore (mnk) # 0 mod k2. Thus G 2 I'(nk). Since the level of G is n or nk
this implies from Wohlfahrt’s theorem that Gy is not a congruence subgroup.

COROLLARY. The two torsion-free normal subgroups of index 24 contain normal
noncongruence subgroups in the manner constructed above.

PROOF. From [1, p. 221] the free part rank of these subgroups is 2.

A formula of Karrass-Solitar [6] can be used to give another criterion for normal
noncongruence subgroups. Let G, G3 be the factors of I' in the amalgamated free
product decomposition and let M be the modular group. Recall that M is the
amalgamated subgroup. The rank of the free part is given by

r(G)=|T:(G,M)|—|T:(G1,M)|—|T:(Gz, M)| +1
where |T" : (G, M)] is the double coset index. Then
COROLLARY. If r(G) > 2 then G contains a normal noncongruence subgroup.

The other normal subgroup of index 24—N (l)—is also closely tied to the con-
gruence subgroups. It is in fact a type of principal congruence subgroup. If o € Z[i]

let T'(o) = {linear fractional transformations congruent to 2’ = z mod a}. Then
N(l) =T(2).

We close with a result again related to the situation in the modular group M.
If n is an integer t™ € M(n) so N(t") C M(n). It is known that M(n) = N(t") if
and only if 1 <n <5 [11]. In T we obtain

THEOREM 9. If o € Z[i] and |a| < 16 (if @ = z + yi then |a| = 2% + y?) then
(1) If a € Z so that a = z then T'(a) = N(t%,u”).
(2) Ifa ¢ Z so a =z +yi withy #0 then T'(a) = N(tlol ulol t24~Y).

PROOF. If a € 2 then N(t*,u¥) C T'(a) while if « =z + yi, y # 0,
Nyl 174v) € T(a).

The proof is then done by computing and comparing the corresponding indices.

If |o| <16 then o =1+14,2,2+4¢,1+2{,3+4,1+3¢,3 +2¢,2+ 3¢,3. For each
case the size of the quotient T'/N(t%,u%) or I'/N(tl®l,ul®l ¢*u~Y) was computed
and compared to the index of the corresponding principal congruence subgroup.

If () represents the index |T': T'()| from [11, Theorem VIL.6] we have

) = 1o TT (1- )

7|
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where 7 runs over the primes dividing a. We will exhibit the calculations for
o =1+ and 2. The others are handled analogously.

If o = 1 +¢ this is a prime and |a| = 2. Therefore p(1 +1) = 23(1 — 1/22) = 6.

Further

T/N(tu? tu™!) = (a,t: a? = (at)> =12 = 1) = S;.
Therefore |I'/N(t?,u?,tu™!)| = 6. Since N(t?,u?,tu~!) C T'(1 + 1) they must be
the same.

If & = 2 then |a| = 4 and the only prime dividing 2 is 1 + 4. Therefore u(2) =
43(1 — 1/2?%) = 48. Further |I'/N(t2,u?%)| = 48 and since N(t?,u%) C I'(2) these
must be the same. The sizes of the quotient groups were computed using Todd-
Coxeter coset enumeration as implemented in the Cayley Group Theory Program.

We note that the theorem may be true for larger norms.
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